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ABSTRACT 
The challenge of describing in a generalized mathematical pattern the inelastic behaviour of 
metals has led to the development of several constitutive models, especially in the field of 
cyclic plasticity, where phenomena with particular importance to low-cycle fatigue appear. 
Significant research efforts have been undertaken in studying and simulating the cyclic 
elastoplastic response of steels, while light metals, like Aluminum and Titanium, have 
attracted less attention. This paper provides a preliminary examination on the capacity of the 
Multi-component Armstrong and Frederick Multiplicative (MAFM) model to simulate 
effectively the cyclic mean stress relaxation and ratcheting of Aluminum Alloy 7050. The 
derived results indicate that the model is capable to describe successfully the complex cyclic 
plasticity phenomena exhibited by this alloy. 
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1. INTRODUCTION 
The accurate description of the inelastic behaviour of metals is dictated by practical 
engineering problems, such as structural performance under low cycle fatigue (LCF). In the 
LCF regime the cyclic deformation behaviour is represented by the cyclic stress–strain 
hysteresis loops. Therefore, cyclic response curves are necessary for life prediction methods 
and correlation between macroscopic and microscopic features of materials. The successful 
calculation of the fatigue life limit requires the input of the strain–strain response as a 
constitutive relation, in terms of the computation at the point of interest of the current stress 
resulting from a known stress/strain history. Engineering components and structures are 
subjected to cyclically varying loads with mean stress/strain. Mean stress and mean strain is 
defined as the average value of the maximum and minimum stress or strain value respectively 
[stress or strain (maximum+minimum)/2]. When investigating the effect of mean stress, tests 
run in two modes: strain-controlled cycling with constant mean strain or stress-controlled 
cycling with constant mean stress (Fig. 1(a) and Fig. 1(b) respectively). Taking a step further, 
for components with geometrical discontinuities the local stress – strain response occurring 
from application of the nominal stress or strain is a combination of simultaneous strain 
ratcheting (strain accumulation per loading cycle) and mean stress relaxation (Fig. 1(c) (Hu et 
al, 1999). 
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Fig. 1. Cyclic elastoplastic behaviour under (a) strain controlled loading, (b) strain 
controlled loading and (c) remote loading under nominal stress for component with 
geometrical discontinuity (Hu et al, 1999). 
 
Experimental observations have shown that the cyclic relaxation is very limited for low strain 
amplitudes, thus for this case the stabilized mean stress affects significantly the component 
fatigue life (Chaboche et al, 2012). Nevertheless, the mean stress relaxation effects occurring 
from strain controlled cyclic loading have been investigated less systematically compared for 
example to the ratcheting effects which have been investigated, for example, by Hassan and 
Kyriakides (1992), Bari and Hassan (2000), Bari and Hassan (2002), Kobayashi and Ohno 
(2002), Chen et al (2005), Hassan et al (2008) and Arcari and Dowling (2012). Moreover, 
very limited modeling work has been published on the mean stress relaxation effects under 
strain controlled histories (e.g. Chaboche and Jung, 1997; Hu et al, 1999; Zhuang and 
Halford, 2001; Landersheim et al, 2011; Becker and Hackenberg, 2011). Numerous models 
constructed on the basis of the Armstrong and Frederick (AF) kinematic hardening rule 
(Armstrong and Frederick, 1966) and its Multi component AF extension (MAF) (Chaboche et 
al, 1979) have been proposed and employed in an effort to simulate the ratcheting effects 
under uniaxial and multiaxial loading histories, amongst others by Hassan et al (2008), 
Chaboche (1991), Ohno and Wang (1993), Jiang and Sehitoglu (1994), Delobelle et al (1995) 
and Kang et al (2004). These models are able to capture the ratcheting effects, thus one would 
(a) (b) (c) 
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expect that they also have the potential to simulate accurately the cyclic mean stress 
relaxation response under strain controlled loading (Chaboche et al, 2012). 
  
2. CYCLIC PLASTICITY MODEL FORMULATION AND APPLICATION 
The Dafalias et al (2008a, 2008b) Multicomponent AF model with Multiplier (MAFM) is 
employed for the simulation of the Aluminum Alloy 7050 strain relaxation experimental data. 
This model has proved to be an alternative to the Multi component AF model with Threshold 
term (MAFT) (Chaboche, 1991), providing improved performance in terms of uniaxial and 
biaxial ratcheting simulation accuracy and most importantly computational cost (Dafalias et 
al, 2008a, Dafalias et al, 2008b, Dafalias and Feigenbaum, 2011). So far the application of 
this model has been limited to steels (e.g. Steel 316 L, Carbon Steel 1026), thus the modeling 
of light metal alloys, like Aluminum Alloy 7050, is considered to be an issue to be further 
studied. 
Since this analysis is limited to the application of cyclic plasticity modeling in uniaxial strain 
and stress controlled loading cases only the corresponding uniaxial expressions are presented 
in the sequel. In particular, the complete uniaxial model is summarized as following: 
 
Von Mises yield surface f  given: ( )2 2 0f a kσ= − − =   (1) 
where σ  is the stress, given by the Hooke law Eσ ε= , with E  the Elasticity Modulus, and 
a
 the kinematic hardening back stress and k  the initial yield stress. 
Strain rate additive decomposition: e pε ε ε= +    (2) 
with ε  is the total strain rate, eε the elastic (recoverable) strain rate and pε  the plastic strain 
rate. 
The Multi-component AF model with Multiplier (MAFM) Back stress is given by: 
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( ) ( ) ( )* * *4 4 4 4 4 4
1:4 1:3
s s s p
i i i i
i i
a a c a a c c a a a a ε
= =
  = = + +   
∑ ∑   ∓ ∓ ∓  (3) 
It is noted that the double sign ∓  denotes loading (− ) and unloading (+ ). 
When examining eq. (3) one may observe that it is composed of two distinct parts. The first 
part is the summation of three different AF back stresses, each one defined by the following 
equation: 
( ) ( )1,2,3s pi i i ia c a a iε= = ∓  (4) 
where ic , 
s
ia  material parameters for the three different back stresses. 
The second part is the AFM back stress 4a , which is given by the following expression: 
( ) ( )* * *4 4 4 4 4 4 4s s pa c c a a a a ε = +   ∓ ∓  (5) 
with 4c , 
*
4c  and 4
sa
 material parameters for the 4a  back stress.  
Also, the *4a  dimensionless quantity is the “multiplier” term that evolves like a back stress 
without being one, according to: 
( )* * * *4 4 4 4s pa c a a ε=  ∓   (6) 
For completeness of presentation, the multiaxial formulation of the MAFM model [as per eqs 
(3), (4), (5) and (6)] is briefly provided in Table 1.  
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Table 1 Multiaxial formulation of MAFM model with cross-reference to corresponding 
uniaxial formulation [eqs (3), (4), (5) and (6)]. 
 
Bold symbols used in the multiaxial equations denote tensors. 
The term λ  is the loading index (or plastic multiplier), defined in terms of the stress rate σ  
by: ( ) 1 :pKλ
−
= n σ , where n  is the unit traceless normal tensor to the yield surface and pK  
is the plastic modulus obtained from the consistency condition 0f = . Further discussion on 
the derivation of pK  is omitted as this is not directly related to the purpose communication. 
The operation of loading/unloading is defined by means of the Macauley brackets  which 
yield λ λ=  if 0λ > and 0λ = if 0λ ≤ . 
 
3. COMPUTATIONAL RESULTS AND DISCUSSION 
The performance of the MAFM model has been tested against Aluminum Alloy 7050 
published experimental data (Hu et al, 1999). This set of data covers both the mean stress 
Uniaxial 
Formulation 
Equation 
Corresponding Multiaxial Formulation Equations 
3 * * *4 4 4 4 4 4
1:4 1:3
2 2 2 2 2
:
3 3 3 3 3
s s s
i i i i
i i
c a c c a aλ
= =
      
= = − + + − −                  
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4 *
2 2 ( 1,2,3)
3 3
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relaxation (Fig. 1 and Fig. 2) and the ratcheting effects (Fig. 3). The material parameters used 
for the model are presented in Table 2. The reader is referred to the Dafalias et al (2008a, 
2008b) paper for a detailed description of the parameter determination methodology. The 
model was implemented numerically in Matlab by applying an explicit method for the 
integration of the differential constitutive equations. 
Elasticity Modulus  E = 69 GPa  
Initial yield stress  k =200 MPa  
AF1 1( )a   1sa =1100 MPa 1c =  4 
AF2 2( )a   2sa =120 MPa 2c =1000 
AF3 3( )a   3sa =340 MPa 3c = 15 
AFM 4( )a  Back stress 4sa =65 MPa 4c =1800 
 Multiplier *
4
sa =0.16 *4c =5000
 
Table 2 MAFM model parameters for Aluminum Alloy 7050. 
 
In Fig. 1 the experimental data and computational results of the cyclic mean stress relaxation 
effect are represented by the corresponding hysteresis loops produced during the course of 
loading. In addition, Fig. 2 represents the same phenomenon in terms of the evolution of the 
mean stress value versus the number of loading cycles (experiment against computation). 
Based on these results it is evident that the MAFM model predicts accurately both the 
characteristics and the evolution of the hysteresis loops form, as well as the mean stress 
relaxation rate (mean stress versus cycles curve slope). 
One may observe in Fig. 1(a) that the hysteresis loops shift downwards as cycling progresses, 
while the material exhibits, in less degree, isotropic hardening, as indicated by the hysteresis 
loops variation (stress amplitude increase). Nevertheless, the magnitude of the stress increase 
is deemed as minor (overall increase by less than 30 MPa). For this reason, the incorporation 
of isotropic hardening in the model has omitted, as it is expected to have insignificant impact 
on the simulation (positive or negative). Moreover, the focus of this study is to investigate 
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and highlight the sole capability of the AFM kinematic hardening rule to simulate effectively 
complex cyclic elastoplastic responses. Within this scope, the simulation output of the model, 
without any isotropic hardening rule incorporated, is considered to be acceptable in terms of 
accuracy. 
 
Fig. 1. Aluminum Alloy 7050 - Cyclic hysteresis loops mean stress relaxation (a) 
experimental data (Hu et al, 1999) and (b) computed results. 
 
 
 
Fig. 2. Mean stress relaxation experimental data (Hu et al, 1999) and computed results for 
Aluminum Alloy 7050 - Mean stress evolution versus loading cycles. 
 
The simulation of ratcheting rate predicted by the model is presented in Fig. 3. In particular 
the two sets of data (experimental and the computed results) are compared, revealing in 
general a fairly acceptable agreement, very similar to the results obtained for steel ratcheting 
(Dafalias et al, 2008a). The ratcheting rate is overestimated for the whole range of the cycling 
(a) (b) 
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loading; nevertheless it is observed that the two curves would practically converge after a 
certain number of cycles. 
 
Fig. 3. Experimental data (Hu et al, 1999) versus Computed results for Aluminum Alloy 7050 
ratcheting rate (strain at peak of cycle versus number of loading cycles). 
 
Regarding the overall simulation performance of the model one could comment that the 
phenomena (cyclic mean stress relaxation and ratcheting) are represented effectively. 
Moreover, it is highlighted that this is achieved simultaneously, with the same set of material 
parameters, which in turn provides an indication of the robustness of the model. 
 
4. CONCLUSIONS 
The cyclic elastoplastic behavior of Aluminum Alloy 7050 under strain and stress controlled 
loading has been modeled with the use of the MAFM cyclic plasticity model. The cyclic 
mean stress relaxation and ratcheting phenomena have been captured with success, providing 
a preliminary outlook on the capacity of this model to simulate effectively the complex 
behavior exhibited by light metal alloys of the same class. Nevertheless, application of the 
model in a wide range of uniaxial loading cases (both strain and stress controlled loading 
histories) is essential for fully investigating the capabilities and limitations of the model. 
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These findings are deemed useful for further application of the model in multiaxial loading 
cases, as well as in strain life based fatigue calculation methodologies.  
Regarding the examination of mean stress relaxation, it is noted that the simulations were 
limited to experimental results corresponding to a single strain controlled loading case 
obtained from Hu et al (1999). No other test results for different sets of mean strain and strain 
amplitude were used for further validation of the model with the same material parameters, 
since the relevant experimental data from Hu et al (1999) correspond to a step-wise loading 
history. Such an extensive preloading history incurs an elastoplastic behavior significantly 
different from that of the virgin material (as the case examined), which is evident in the Hu et 
al (1999) test results. In practice, to capture this response it is necessary to re-calibrate the 
model and obtain a different set of material parameters, which in turn would alter the virgin 
material response and simulations. Further optimization of the different set of material 
parameters may provide a balance between the two different material states and 
corresponding behaviors; nevertheless this was not examined any further in this preliminary 
study. 
In view of the limited data (both computational and experimental) available in the literature 
additional work in this area is currently conducted by the authors. In particular, further 
experimental and computational work for other technologically significant light metal alloys 
is currently in progress. In particular, the model is going to be tested against experimental 
data for advanced Titanium alloys’ (e.g. TA16), including test results for Ti-6Al-4V alloy 
which has been manufactured by additive manufacturing methods (e.g. selective laser 
melting). 
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